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Abstract 

We study the modular invariance of strings on pp-waves with RR-flux. We ex- 
plicitly show that the one-loop partition functions of the maximally supersymmetric 
pp-waves and their orbifolds can be modular invariant in spite of the mass terms 
in the light-cone gauge. From this viewpoint, we also determine the spectrum of 
type OB theory on pp-wave and discuss its gauge theory dual. Furthermore, we 
investigate the spectrum of a non-supersymmetric orbifold and point out its super- 
symmetry enhancement in the Penrose limit. 
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1 Introduction 



Recently, much progress in understanding of the superstring theory in RR background 
has been made originating from the exactly solvable plane-wave background with RR-flux 
[||. Interestingly, this background possesses an interpretation as the Penrose limit of 
the near horizon geometry of D3-branes |3], Q . The near horizon limit of N D3-branes is 
given by AdS§ x S 5 and its metric is written as 

ds 2 = R 2 (-dt 2 cosh 2 p + dp 2 + sinh 2 p dtt 2 3 + dip 2 cos 2 6 + d6 2 + sin 2 6dti£) , (1.1) 

where the radius is given by R = (Airg s Na 12 )^ . After we take the Penrose limit R — > oo 
scaling as x + = (t + ip)/2p, x~ = R 2 p(t — if)), p —> p/R, 9 — > 0/R, we obtain the 
maximally pp-wave metric || |J (with the constant RR-flux F + i 234 = F +5678 = p) 

8 8 

ds 2 = -2dx + dx~ - p 2 J2(^) 2 (dx + ) 2 + E(^) 2 - (1-2) 

i=i i=i 

Since we consider the RR background, we would like to quantize the world-sheet theory 
in the Green-Schwarz formulation of superstring ||. Remarkably, the simple form of the 
metric ( |1.2|) enables us to solve the world-sheet theory exactly in the light-cone gauge 
|]]. Moreover, the exact string spectrum on pp- waves has been successfully compared 
to the dual M = 4 gauge theory operators in {§. Further studies of string and M- 
theory in various pp-wave backgrounds and their holographically dual relations have been 
intensively carried out [6-30]Q. 

However, the light-cone gauge theory has an important fault that the conformal in- 
variance is not manifest^ because of the mass term ~ (pp + ) 2 EiP^) 2 . At the same time, 
the modular invariance, which is crucial for the quantum consistency of any string the- 
ory, is also not clear. Thus we would like to investigate the modular invariance of string 
theory on pp-waves in this paper. An earlier discussion of modular transformation of 
open-string amplitudes into boundary state amplitudes has been found in [p7[| . Below 



we will calculate one-loop vacuum amplitudes of closed strings on pp-waves and examine 
their modular invariance. Since the pp-wave solution is the only solvable background with 



2 In these developments the authors have discussed the supersymmetry enhancement (6[ 0, |2j|, orb- 
ifolded pp-waves || [yj |l2[ |l3|, |22|, the less supersymmetric pp-waves J|, 15, 0, the algebras in the 
Penrose limit J|, ||, ||^] , D-branes in pp-waves [|l0[ ||[ |?J , light-cone string field theory , holographic 
properties |25| , string interactions in the gauge theory side [|5|, ^6) , the Penrose limit in NSNS back- 
ground ||, ^4|, |2{| , another useful limit with a large value of spin j20) , Matrix models |28| and some 
other gravitational properties JItJ . 

3 The covariant string formalism of pp-wave background has been proposed in fll9| and the conformal 
invariance has been checked. 
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RR-flux at present, the study of modular invariance will also be very important to know 
properties and consistencies of string spectra in general RR backgrounds. 

The modular invariance also gives us a good principle to determine string spectra in 
new string backgrounds. As we will see below, we can determine the spectrum of various 
orbifolds of pp- waves from this viewpoint. The examples discussed in this paper include 
pp-wave in type OB theory, the non-supersymmetric oribifold C/Zm on pp-waves as well 
as the supersymmetric oribifold C 2 /Z M theory on pp-waves || |Tl|, [13], [14]]. We also 



discuss the non-supersymmetric analog of the duality relation || between the strings on 
pp-waves and the gauge theories in the examples of type OB and C/Zm pp-waves. 

This paper is organized as follows. In section 2, after a short review of world-sheet 
theory of strings on pp-waves, we calculate the one-loop vacuum amplitudes and examine 
their modular invariance. We apply this method to type theory and determine the spec- 
trum of the type OB pp-wave model. We also discuss the dual gauge theory in this model. 
In section 3, we construct modular invariant partition function in both supersymmetric 
and non-supersymmetric orbifolded pp-waves. We also discuss the gauge theory dual of 
a non-supersymmetric orbifold theory and its supersymmetry enhancement. In section 4, 
we draw conclusions and present some discussions. 



2 Modular Invariance of Strings on PP-waves 

Here we would like to investigate modular properties of string theory on pp-waves. As 
we will see, we can prove its modular invariance performing a kind of a deformation of 
ordinary arguments in string theory with no RR-flux. See |27| for the analysis of modular 
transformation of open string amplitude into closed string one (Cardy's condition), which 
is useful for the discussions below. 

First we present a brief review of the Green-Schwarz string on pp-waves [|J. We 
mainly follow the convention of || ||. The coordinate of world-sheet is represented by r 
and a (0 < o < n). After we take the light-cone gauge X + = 2a'p + r, / y + 8 1,2 = 0, there 
are eight bosonic fields X 1 (i — 1 ~ 8) and sixteen fermionic fields S a , S a (a = 1 ~ 8). 
They are massive fields with the same mass and the world-sheet action becomes 



S = / drda 

ira' 

H — / drda 



d+X^X* - {^a'p + ) 2 {X 1 ) 2 

S a d + S a + S a d^S a - {2fia'p + )S a U ab S b } , (2.1) 



where we defined d± = 1/2 (<9 T ± d a ) and II = 7 X 7 2 7 3 7 4 . 

The mode expansions of the bosonic fields which satisfy the equation of motion is 
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given by 



HP V 2^ Q \uj n u n J 



where we have defined 



n 



n 



Un = ri JnZ + (tia>p+y. (2.3) 



The canonical quantization imposes the following commutation relations 

[«n> <4n] = K> aU = u n 8 n+mfi 8 ij , [al, a\ l ] = u , (2.4) 



where we redefined the zero-modes as a l = ^a'/2(p — ijj,p + x ), Oq = \J a! /2(p +i/j,p + x ) . 

We can also perform the mode expansions of fermions S a and S a similarly. We denote 
their oscillators as S% and S^ and (the linear combination of) the zero-modes as Sq and 
Sq 0- such that the following anti-commutation relations are satisfied 

{^n) ^m,} = {^ni ^m} = 8 n + m fl8 ab {Sq, Sq } = 5 ab . (2.5) 

Then we find the spectrum in the string theory on pp-wave as follows. The light-cone 
Hamiltonian Ji = —p~ is given by 

1 / 00 \ 



\ 



^ + • (2 ' 6) 



The vacuum state |0) has the zero light-cone energy H\0) = because it is defined such 
that it is annihilated by the operators ot % _ n , &_ n , S® n , S°L n (n > 0) and a and Sq. The 
level matching condition is also written as 

oo 

V= nN n = 0. (2.7) 

n=— oo 

Now the one-loop vacuum amplitude (partition function) can be defined as follows 

— / d P + dp-Tl [ e -W7 M ,+( P -+W)+!Wr l Pl f (2. 8 ) 

where Tr denotes the trace in the Hilbert space of the light-cone string theoryfj; c is a 

constant factor, which we will neglect below; r = n + IT2 denotes the moduli of two 

dimensional torus as usual. The modular invariance of the partition function enables us 

to restrict the integration of the torus moduli r, f to the fundamental region. 

4 For earlier discussions of closed string partition function see (8| . Note that here we define the trace 
with the minus sign for all spacetime fermions so that the amplitude represents the vacuum energy. 
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2.1 Modular Invariance of Type II String on PP-wave 

Before we compute the vacuum amplitude, it is useful to define the following partition 
function^] zj$(r, f), which has a nice modular property, 



Z^(j r) = e 47TT2A b m) 7| (I — e -^T 2 ^m 2 +(n+b) 2 +2TTiT 1 (n+b)+2ma^ 

n=—oo 

x(l — e ~ 2nT 2^m 2 +(n-b) 2 +2niri(n-b)-2iTia^ ^ g) 

The factor corresponds to the zero-energy (Casimir energy) of a 2D complex scalar 
boson (p of mass m with the twisted boundary condition 0(r, o + it) = e 2mb (j)(T, a) and its 
explicit form is defined by 



I OO oo ^2 



A r = -riE rfs e^-^ cos(2vr6p). (2.10) 
In the massless limit this zero energy correctly reproduces the familiar value 

limA^ = 1-1(26- I) 2 . (2.11) 

m-+0 24: 8 

The modular property of the above defined function is given by 

2^H--,-h = Z%{r,f), (2-12) 
r r 

^5 ) (r + l,f+l) = zS3 )6 (r,f). (2.13) 

The latter identity is easy to check and the more nontrivial relation (the former one) can 
be proved by using the Poisson resummation formula as shown in the appendix. The 
important point is that we must shift the value of mass parameter as m — > m\r\. This is 
natural because the theory is massive and thus is not conformal invariant. Note also that 
since we consider the two dimensional massive theory, there is not any definite distinction 
between left-moving and right-moving sector. Thus we cannot define a sort of a chiral 
partition as in massless case. It also enjoys other useful properties 

Z%Ut, f) = Z^ +1 (t, f) = Z%\t, r), Z<2_ 6 (r, f) = Z$>{r, f). (2.14) 

In the conformal limit, m — > it is reduced to the familiar theta function 



limZg(r ) f) V °'° ^W ^l^a + frr]^. (2.15) 



5 In ref. [p7| the authors defined the real partition functions /j (5), (i — 1,2,3,4). Our complex 
partition function (t,t) includes (the square of) them as the particular cases T2 = and (a, b) = 
(0,0), (0,1/2), (1/2,0), (1/2, 1/2). 
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Now let us move on to the investigation of the one-loop string partition function on 
the maximally supersymmetric pp-wave. Its explicit form is given byf] 

%B =l^f dpUp-e-^'- { Z MM. I • (2-16) 



, llB = J —ja P a P e [^T( T ,f ) 

Note that the denominator and numerator of the modular function are the same 
and thus the quotient is given by not zero but oneQ. This phenomenon is due to the 
spacetime supersymmetry of the pp-wave background. Since the dynamical supercharges 
Q~ commute with TC (see [TJ), we can regard the total partition function as the Witten 
index of Q~ . Thus only the (bosonic) ground state |0) can contribute to it and we obtain 
the unit valueQ. 

The modular invariance of (p . 1 6|) does hold formally without using this fact, that is, 



independently with respect to bosonic and fermionic contribution, though the integrations 
of p + and p~ diverge. This is shown by noting the modular invariant combination drdf/r^ 
and performing the rescaling 

P + — l r b + ) P~ — \ T \P~ ■ (2-17) 

After we perform an analytic continuation of the momentum integration and integrate 
the torus moduli r, f in the fundamental region, we obtain a finite value of the amplitude. 

2.2 Type String on PP-wave 

Since in the previous example of the maximally supersymmetric pp-wave in type IIB 
theory the modular function part is rather trivial due to the Bose-Fermi degeneracy, next 
we would like to consider a more non-trivial case of type OB pp-wave^. 

In type string theory there are two types of D-branes each called electric and magnetic 
D-branes (for a review of type theory see P2|). Since the near horizon limit of iV 



electric D3-branes and N magnetic D3-branes in type OB theory is given by AdS§ x S 



5 



3 If we take the limit \i = 0, one may think that the partition function should vanish due to Jacobi 



identity. This does not contradict our result (2.16) because our function ~ I/Zq™'' 4 includes the divergent 



volume factor. 

7 After we submitted this paper, we were informed by A.A.Tseytlin of another definition of one-loop 
vacuum amplitude based on path-integral calculations, which seems to be zero. The author is very 
grateful to A.A.Tseytlin for sending his unpublished notes and our correspondence. In this paper we only 
discuss the partition function defined in the operator formalism. 

8 The author would like to thank T. Eguchi and Y.Sugawara very much for related comments on the 
property of partition function. 

9 Whilc preparing this paper for publication, there appears the partially overlapped paper |?o) which 
discusses string on type OB pp-wave and duality to gauge theory independently. 
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[ pT| , the pp-wave background can be realized by considering the Penrose limit of this 
background. The gauge theory on these branes is non-supersymmetric and its gauge 
group is given by SU(N) x SU(N). Generalizing the arguments in the ordinary type 
theory with no RR-flux |3l| , we argue that the spectrum can be obtained by twisting 
that of type IIB pp-wave by the Z 2 projection (— l) Fs , where F$ means the spacetime 
fermion number. Then we find the modular invariant partition function, which is more 
complicated than in the type IIB case 

Z m = j^J dp + dp-e- 2 ™'^ +p - 

Z 0,0 \ T i T ) + Z l/2,0 l T ' T J + Z 0,l/2 y T ' T ) + Z l/2,l/2 l T ' r J / , \ 
X f—. — . ( I. lo ) 

The first two functions correspond to the untwisted sector of the Z 2 twist and the last 
two correspond to the twisted sector with the shifted modings as oc l n+1 , 2 , 5'n+i/2- We have 
determined their non-trivial zero energy by requiring the modular invariance. Note also 
that the spectrum is purely bosonic as in the flat background. 

Next let us briefly discuss the duality of this pp-wave background to the gauge theory. 
This will give a non-supersymmetric generalization of the result in To see this it is 
useful to note that our system in type theory can be obtained from a system of 2N 
D3-branes in type IIB theory (SU(2N) gauge theory) by the projection (— l) Fs . After 
the projection, open strings between the same kind of D-branes are bosonic and open 
strings between the different kind of D-branes (electric and magnetic) are fermionic. More 
explicitly, the Z 2 projection acts asQ (— l) Fs ■ 03 <8> In on the open string spectrum with 
2N x 2N Chan-Paton matrices Then we can see the duality to the gauge theory 



by applying the arguments in orbifold theory [11], [12], [L3]. The ground state of untwisted 
sector corresponds to the operator Ty(Z j ), where the trace is defined for 2Nx2N matrices. 
The field Z = 5 + i0 6 denotes a (complex) transverse scalar in the gauge theory and 
has the U(l) charge J — 1. The twisted sector ground state is dual to the operator 
Tr(<7 3 Z J ). The excitations of these vacuum states correspond to the insertions of the 
covariant derivatives Di (i = 1 ~ 4) or the other transverse scalars <p l (i = 1 ~ 4) taking 
the summation over their possible positions with nontrivial phase factors in the same way 
as in 0]. Fermions x a = 1 ~ 8), which have the U(l) charge J = 1/2, can also be 
treated similarly. For example, in the twisted sector we obtain the correspondence 

~i 2ir«(n + l/2) r , T , ,"1 , 

Sl n - 1/2 S b _ n _ 1/2 \0) <- ^Tr ff8 ^ Z J-y , (2.19) 

1=0 
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Here 173 is the Pauli matrix. Below we omit the trivial part 
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where the twisted boundary condition corresponds to the shift of the 'momentum' n by 
1/2 because of the non-trivial commutation relation \ a °3 — ~ a 3 X a i n the gauge theory 



as already discussed in the context of orbifolded pp- waves |L^, |13|| . Interestingly, the 
spacetime fermions of type string theory, which exist only in open string sectors, just 
correspond to the purely bosonic closed string spectrum via the holography If we view 
this in an opposite way, the absence of spacetime fermions in the closed string theory is 
consistent with the fact that the trace does vanish when we insert the fermions into Tr(Z J ) 
or Tr(o"3Z J ) odd times. It will also be interesting to perform gauge theory calculations 
and see the matching of spectrum in detail including the non-trivial zero-energy in the 
twisted sector (see Q2.20|) and later discussions). We would like to leave further analyses 
for future problems. 

Finally we would like to mention the closed string tachyon in type theory. As is 
well-known, there is a closed string tachyon in the flat background of type string. In 
our case of pp-waves we can detect the tachyonic excitation by examining the divergent 
factor in the partition function i.e. ~ / d,T 2 e T2/3 {(3 > 0). Thus we have only to know the 
difference of zero-energy for the latter two functions in ( |2.18| ) 

A<£> +) - Af P+) = \tTds e"^ 1 ) 2 - 1 ^ > 0. (2.20) 

This shows that we have always a tachyon for finite values of [i. If we set /x = 0, then 
the value becomes Ajy 2 — Ag "* = 1/8 and the known tachyon mass m 2 = — ^ is repro- 
duced. More interestingly, if we consider the infinite value of /i, then the tachyon seems 
to disappear. 



3 Modular Invariance of Orbifolded PP- Waves 

The Green-Schwarz string on pp-wave background is originally constructed by employ- 
ing its supersymmetries in the superspace formalism |IJ. Thus it does not seem to be easy 
to obtain the less supersymmetric models in the Green-Schwarz formalism. However, the 
orbifold procedure allows us to realize such models with few difficulties^ We have already 
discussed the non-supersymmetric pp-wave in type theory as a (non-geometric) orbifold 
and thus here we would like to investigate the orbifold defined by geometric projections. 

The supersymmetric orbifolded pp-waves has been considered and its duality to the 
quiver gauge theory |R3[ has been checked including twisted sectors 0, [T2|, O . In these 



11 We can also consider the Penrose limit of AdS3 x S 3 x M4 system || as a less supersymmetric 
example, where the four dimensional manifold M4 represents c = 6 conformal field theory without RR- 
flux. The modular invariance of its partition function can be shown in the same way. 
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arguments the authors impose the twisted boundary conditions just as in the ordinary 
well-studied cases of orbifolds with no RR-flux. Since the twisted sectors are originally 
added to physical sectors in order to keep modular invariance (see e.g.|]52"fl), it is very 
important to prove this property for orbifolded pp-waves. 



Supersymmethc Orbifold C 2 /Z 



M 



Let us first discuss the orbifolded pp-waves which is equivalent to the Penrose limit 
of the near horizon geometry AdS§ x S 5 /Zm of NM D3-branes at the orbifold C 2 /Zm- 
The orbifold action is given by 

X = X 4 + iX 5 h-f e 2ni/M X, Y = X 6 + iX 7 ^ e - 2lH ' M Y, (3.1) 

and the others X 1 , Jf 2 , Jf 3 , Jf 4 are unchanged because they are in the direction of AdS$ 
(only the coordinates of £l' 3 in (|1 . 1| ) are orbifolded). The fermions S a , S a , which belong to 
the spinor representation, are also acted in the same way because there are half of maximal 
spacetime supersymmetries preserved. The partition function is written as follows 

where the summations over k and I represent the orbifold projection and the twisted 
sectors, respectively. We can show the modular invariance by using the property ( 2.12 ) 



only if we include the twisted sectors as in the above form ( |3.2| ). Since there exist the 
partial supersymmetries preserved in this orbifolded pp-wave, the Bose-Fermi degeneracy 
occurs and thus the quotient of the modular functions is equal to a constant. We would 
also like to comment that we can impose orbifold projections for all coordinates X 1 ~ X 8 
in the same way, which will be the Penrose limit of the orbifold not only with respect to 
S 5 but also to AdSn. 



Non-Supersymmetric Orbifold C/Zm 



It will be also interesting to consider the non-supersymmetric orbifold of the maxi- 
mally supersymmetric pp-waveQ. A simple example is the orbifold C/Zm (M is an odd 
integer^) in pp-waves, where the orbifold projection is defined by 

X = X A + iX 5 ^ e 2 ™ L/M X, (3.3) 

12 In the paper the non-supersymmetric type of the orbifold C 2 /Zm was considered. The discussion 
here can also be applied to this case without serious modifications. 

13 Note that if we assume M even, then it should be identified with an orbifold in type theory |34|, [35). 
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where L is an even integer (see e.g. |36|, |35| for earlier discussions of its partition function 



without RR-flux). Its modular invariant one-loop partition function is given by 
drdf f. . [ Z ^2^ 



z , = / - — / dp + d P - e - 2na T2p p ~— y v 2m ' 2a % — J - . (3.4) 

The closed string tachyons in this model can also be examined as in the type pp-wave 



and we find 'localized tachyons' only in twisted sectors as in the ordinary orbifold |34 
The duality to the non-supersymmetric quiver gauge theory can also be examined as in the 
super symmetric orbifold C 2 /Zm formally, though the matching of conformal dimension 
of operators is difficult to check due to the absence of BPS arguments. The Z-th twisted 
sector corresponds to the insertion of the diagonal matrix 

2-KiLl iTriLl 2iriL( M -1)1 

7i = diag(l,e ^ ,e m ■ -,e ** ), (3.5) 



into the trace Tr[Z J ]. It would also be intriguing to find the gauge theoretic origin of 
the non-trivial zero-energy A; = 4A^/ tp ■* — 3Aq Q mp ■* — A^ w ^ > in the Z-th twisted 

2M M 

sector. 



Supersymmetry Enhancement in Non-Supersymmetric Gauge Theory 

There is another Penrose limit of the previous non-supersymmetric orbifold. In the 
near horizon background ( |1.1| ) we can impose the Z M projection as follows 

Z = R cos Be** i-> e 27riL/M Z. (3.6) 

After taking the limit, this leads to the periodicity in the light-cone direction (setting 
li = I) 

. , , , , ttL 2ttLR 2 . . „. 

(x+, x~) ~ (x + + — , x- + —y- ), (3.7) 

where the radius is given by R = (AttN Mg s a' 2 )^ . When the x + direction is compacti- 
fied, the background breaks maximal supersymmetries because the Killing spinor depends 
(only) on x + [[|. If we take ,however, the limit M, N — > oo keeping L and finite, then 
we obtain the DLCQ compactification of maximally supersymmetric pp-waves ( |1 . 2|) 

x - ~ x ~ + 2irR- (R~ = 2a'L^ng s N/M). (3.8) 

This background preserves all of the 32 supersymmetries and thus the supersymmetry is 
enhanced in this limit even though the original background is non-supersymmetricQ. The 

14 Thc enhancement of supersymmetry in the Penrose limit of non-supersymmetric models with NSNS- 
fiux has also been discussed in E31. 
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similar type of the appearance of the DLCQ compactification has already been discussed 
22] in the case of the supersymmetric orbifold C 2 /Za/. 



m 



Let us consider the holographic relation between the string states of the DLCQ and the 
operators in the non-supersymmetric quiver gauge theory at the classical level applying 
the arguments in [22]]. To begin with, we obtain the following correspondence 



p- = A-J, 2p + = ^^-, (3.9) 

where A and J are the conformal dimension and U(l) charge defined below, respectively. 
The light-cone compactification leads to the quantized momentum p + = jp, [k E Z). 



The light-cone Hamiltonian Ti.(= — p~) remains the same as ( |2.6| ) and the level matching 
is given by X^-oo n ^« = where w is the winding number in the x~ direction! 15 ]. 

Next we would like to examine the quiver gauge theory. There are six transverse 
scalars and we denote them by 1 , 2 , 3 , 4 and Z = 5 + [Z = 5 — i0 6 ). The Z« 
projection acts only on Z and Z in the same as (|3.3|) . The fields which have non-zero 
R-charges are the scalars Z (J = 1), Z (J = — 1) and fermions \ l ~ X 8 {J — 1/2), 
X 1 ~ X 8 {J = ~~ 1/2)- We can expect that only the fields which have the value A — J = 1 
will survive in the Penrose limit as in ||. In order to be Zm invariant the number of the 
insertions of Z in any single trace operator should be a multiple of M (=Mk) and this 
just corresponds to the quantized light-cone momentum k in the DLCQ compactification 
( |3.8| ). Thus the vacuum state \k,w = 0) of DLCQ string corresponds to the operator 
Tr[Z Mfe ], where the trace is defined for NM x NM matrices. Then the excited states can 
be obtained as the insertions of covariant derivatives Di, scalar fields <fr l , or fermions x° '■ 
For example, we obtain the following translation for each insertion (i = 5, 6, 7, 8) 

a l _ n <p l 7n/ fe , a l _ n 4> l j-n/k, (3.10) 



where the matrix 7 is defined in ( |3.5| ). Note that after taking the trace and summation 
over their positions / (see (|2.19|) ), the insertions of extra matrices 7± n /fc are equivalent to 
both the familiar phase factor e ± ^f L and the overall matrix Y\n{ln/k) Nn — 7m in the first 
position in the trace. The latter matrix comes from the orbifold action on Chan-Paton 
matrices in the same way as before (see the arguments below ( |2.19|) or [12], p~3|| ) . 



Even though the above arguments neglect quantum corrections, our 'too good' results 
implies that the result will not be changed substantially if we go beyond the classical 
analysis^. We would also like to mention that the result suggests the possibility of 



15 



The modular invariance of partition function in DLCQ theory seems to be subtle because the scaling 



(2.17) is not allowed. This problem may suggest the requirement of the detailed analysis of Lorentzian 



torus. We leave this as a future problem. 

16 Here we ignore the presence of closed string tachyon in twisted sectors. Notice that the tachyonic 
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'deconstructing' supersymmetric five dimensional gauge theory or six dimensional (2,0) 
theory from the non-supersymmetric gauge theory (cf . |37|, |38| , j22"|). 



4 Conclusions and Discussions 

In this paper we have investigated the modular invariance of strings on pp-waves. At 
first sight, the models do not even seem to be conformal invariant because of the mass 
terms for the world-sheet fields in the light-cone gauge. However, the total theory includ- 
ing the light-cone directions x + , x~ should be completely conformal invariant as examined 



in the covariant formalism p9| . Our results show that the modular invariance can also 
be satisfied formally, though the calculations include (perhaps inevitable) divergence due 
to Lorentz signature. Thus we have obtained an important quantum consistency of the 
string theory on pp-waves. It would be very interesting to see the interpretation of the 



modular invariance and the scaling ( 2.17 ) from the viewpoint of the dual gauge theory. 
The one-loop contribution will be important when we consider non-planar diagrams in 
the gauge theories. 

Since the modular invariance puts a rather strict constraint in string theory, it is a 
useful guide when we construct a new theory. Based on this policy we have constructed 
the partition function of various orbifolded pp-waves. These include the supersymmetric 
orbifolds, non-supersymmetric type IIB orbifold and type OB theory. In the latter two 
examples, we also gave a brief survey of the correspondence between the strings on pp- 
waves and dual (quiver) gauge theories. In particular, we pointed out that supersymmetry 
can be enhanced in the specific Penrose limit of the non-supersymmetric orbifold and the 



DLCQ compactification of pp-waves can be obtained in a similar way to [p2 |. We also 
find the possibility that in these examples the tachyonic instability may be reduced for 
large values of RR-flux parameter. 

We believe the method developed in this paper will be useful in more general models. 
For example, we will be able to discuss the world-sheet properties of fractional D-branes 
[p3| in orbifolded pp-waves and also the modular properties of compactified pp-waves 



HI. Our results may also give a helpful hint when one tries to know an unknown NS-R 



formulation of strings on pp-waves with RR-flux. 



instability seems to be reduced when we assume a large value of [i in the same way as in type theory 

( HI )- 
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A Detailed Calculations of Modular Transformations 



Here we show the (deformed) modular transformation of (r, r) . In the following 
calculations we will only use the Poisson resummation formula 



neZ 



a > 



and the identity 



—= / as s 2 e 4s = e , 
V 71 " •'o 



(Al) 



(A.2) 



generalizing the earlier computations done in 

First we consider the logarithm of zfj$ (r, f) and perform the Poisson resummation 

logZ&>(r,f)-47rr a A< m > 



log(l — e~ 27rT2 V m2 +( n+6 ) 2 + 27riri ( n + fe )+ 27 ™ a ) 4- log(l — e _2wr 2 V m2 +( n_6 ) 2 + 27 ™' T1 ( n ~ fe )~ 27ria ) 



nGZ 



1 oo „ ^ 

V 71 „ 6 Z p=l ^ 



jrs— 7r J — (m. 2 +(n+6) 2 )+27ririp(n+6)+27riap 



+ (conjugate term) 



oo oo 



7rr 2 



EE 



p=— oo fi=l 



cxp 



; 2 2ri„ 
-p s + 2map y-nps — 



7T TZm sn 



2iribn 



T2 



+ (conjugate term) 



,Hxi,Aa(4I) 



- 47rr 2 Ar j + 47T^A 



T 



2 a 



(A.3) 



Further we again employ the Poisson resummation with respect to p and then the 
integral part of the final expression in ( |A.3| ) becomes 



7T 



1 « « f oo ( stf 7T 2 T% f(p±a) 2 A 

— 2^ 2^ / dss 2 exp - r- fa | 2 + m =F 27rz6n =f 27ri(p ± 



Tin 



T 



OO -| oo 



n=l p=— oo 



\ 



(p ± a) 2 m 2 , . Tvh , 

+ — =f 2vri(p ± a)^ T 27rifen | . 



T 



(A.4) 



Putting this result (|A4|) into flSJ) we can easily find the modular transformation of 
Z%\t,T) (S). 



12 



References 



[1] R. R. Metsaev, "Type IIB Green- Sch wa r z super string in plane wave Ramond-Ramond back- 
ground," Nucl. Phys. B 625 (2002) 70, |hep-th/0112044] ; R. R. Metsaev and A. A. Tseytlin 
"Exactly so lvable model of super string in plane wave Ramond-Ramond background," |hcp- 
th/0202109| . 



[2] R. Penrose, "Any space-time has a plane wave as a limit," Differential geometry and rela- 
tivity, Reidel, Dordrecht, 1976 (271). 



[3] 



M. Blau, J. Figueroa-O'Farrill, C. Hull and G. Papadopoulos, "A new maximally super 
symmetric background of IIB superstring theory," JHEP 0201 (2002) 047, |hep-th/01 10242 
M. Blau, J. Figueroa-O'Farrill, C. Hull and G. Papadopoulos , "Penrose limits and max 
imal supersymmetry," Class. Quant. Grav. 19 (2002) L87, |hep-th/0201081|; M. Blau, 
J. Figuer oa-O'Farrill and G. Papadopoulos, "Penrose limits, super gravity and brane dy- 
namics," |hep-th/0202"TTT. 



[4] D. Berenstein, J. Maldacena and H. Nastase, " Strings in flat sp ace and pp waves from N 
= 4 super Yang Mills," JHEP 0204 (2002) 013, |hep-th/020202l| . 



[5] M. B. Green, J. H. Schwarz and E. Witten, "Superstring Theory. Vol. 1," Cambridge, Uk: 
Univ. Pr. (1987). 

[6] N. Itzhaki, I. R. Klebanov and S. Mukhi, "PP wave limit and enhanced supersymmetry in 
gauge theories," JHEP 0203 (2002) 048, |hep-th/0202153| . 

[7] 



J. Gomis and H. Ooguri, "Penrose limit of N = 1 gauge theories 
yas and J. Sonn enschein, "On Penrose limits and gauge theories 



' |hep-th/0202157t L. A 
s," JHEP 0205 (2002) 



A. Za- 
010, 



|iep-th/0202T86| ; U. Gursoy, C. Nunez and M. Schvellinger, " RG flows from S pin(7), CY 
fold and HK manifolds to AdS, Penrose limits and pp waves, " bcp-th/0203124 C. h. Ahn, 



"More on Penrose limit of AdS(4) x Q**(l,l,l)," |hep-th/0205008|; K. Oh~a¥ d R. Tatar 



"Orbifolds, Penrose limits and supersymmetry enhance ment,' hep-th/0205067 ; C. h. Ahn, 
"Comments on Penrose limit of AdS (4) x M**( 1,1,1)," |hep-th/02051*09| : 



[8] J. G. Russo and A. A. Tseytlin, "On solvable models of type IIB superstr ing in NS-NS and 
R-R plane wave backgrounds," JHEP 0204 (2002) 021, |hep-th/0202T7S| . 

[9] M. Hatsuda, K. K amimura and M. Sakaguchi, "From super- AdS(5) x S**5 algebra to super- 
pp-wave algebra," |hep-th/0202190 ; M. Hatsuda, K. Kamimura and M. Sa kaguchi, "Super- 
PP-wave algebra from super-Ads x S algebras in eleven-dimensions," | hep-th/0204002 ; 
G. Arutyunov and E. Sokatchev, "Conformal fields in the pp-wave limit," |hcp-tli/02052T0] 



[10] M. Billo and I. P esando, "Boundary states for GS superstrings in an Hpp wave background," 
fliep-th /0203028 ; C. S. Chu and P. M Ho, "Noncom mutative D-brane and open string in 
pp-wave background with B-fiel d," |hcp-th/020318"6| ; A. Dabholkar and S. Parvizi, "Dp 
branes in pp-wave background," hep-th/ 020323 1| ;D. Berenstein, E. Gava, J. Maldacena, 
K. S. Narain an d H. Nastase, "Open strings on plane waves and their Yang-Mills duals," 
|hep-th/0203249| ; P. Lee and J. w Park, " Open strings in PP -wave background from defect 
conformal field theory," [hep-th/0203257|: A. K umar, R. R. Nayak and Sanjay, "D-brane 
solutions in pp-wave back ground," |hep-th/ 0204025 ; D. s. Bak, "Supersymmetric branes 
in PP wave background," |hep-th/0z04033|; K. skenderis and M. Taylor, "Branes in AdS 
and pp-wave spacetimes," hep-th/ 0204054 ; V. Balasubraman ian, M. Huang, T. S. Levi 
and A. Naqvi, "Open Strings from N=4 Super Yang-Mills," |hep-th/0204196|; H. Singh, 
"M5-branes with 3/8 supersymmetry in pp-wave background," |hcp-th/020502q ; P. Bain, 
P. Meesse n and M. Zama klar, "Supergravity solutions for D-branes in Hpp- wave back- 
grounds," hep-th/0205106 ; M. Alishahiha and A. Kumar, "D-brane solutions from new 



13 



[15] 



[16] 
[17] 



isometries of pp-waves," |hep-th/020513^ ; C. S. Chu, P. M. Ho and F. L. Lin, "Cu- 
bic str ing field theory in pp-wave background and background independent Moyal struc- 
ture," [hep-th/0205218 ; S. Seki, "D5-brane in Anti-de Sitter Space and Penrose Li mit," 
|uep-th/0205266; D. Mateos and S. Ng, "Penrose Limits of the Baryonic D5-brane," hep- 



th/0205291; ST_S. Pal, "S olution to Worldvolume Action of D3 brane in pp-wave Back- 
ground," |hep-th/020530l . 



[11] M. Ali shahiha and M M. Sheikh-Jabbari, "The PP-wave limits of orbifolded AdS(5) x 
S**5," |hep-th/02030ll . 



[12] N. w. Kim, A. Pankiewicz, S. J. Rey and S. Thei sen, "Superstring on pp-wave orbifold 
from large-N quiver gauge theory," |hep-th/0203080|. 



[13] T. Takayanagi and S. Terashima, "Strings on orbifolded pp-waves, " |hep-th/0203093| . 



[14] E. Floratos and A. Kehagias, "Penrose limits of orbifolds and orientifolds," hep-th/0203134 



M. Cvetic, H. L u and C. N. Pope, "Penrose limits, pp-waves and deformed M2-branes," 
|hep-th/0203082| ; M. Cvetic, H. Lu and C. N. Pope, "M -theory pp-waves, Penrose limits 
and supernumerary supersymmetries," |hep-th/0203229| ; J. P. Gauntlett and C. M. Hull, 



"pp-waves m 11-dimensions with extra supersymmetry," hep-th/0203255; H. Lu and 
J. F. Vazquez-Poritz, "Penrose limits of non-standard brane intersections ," |hep-th / 020400 1 ; 
R. Corrado, N. Halmagyi, K. D. Kennaway and N. P. Warner, "Penrose Limits of RC Fixed 



Points and PP- Waves with Background Fluxes," [hep-th/0205314 . 
J. Michelson, "(Twisted) toroidal compactification of pp-waves," hep-th/020314C. 



R. Gueven, "Randall-Sundrum zero mode as a Pe nrose limit," hep-th/0203153 ; M. Li, "Cor- 
respondence principle in a pp-wave background," hep-th/0205043 ; D. Mathur, A. Saxena 
and Y. K . Srivastava, "Sc alar propagator in the pp-wave geometry obtained from AdS(5) 
x S**5," bcp-th/0205136l ; G. Siopsis, "Holography in the Penrose limit of AdS space," 
|hep-th/0205302r 



[18] 



S. R. Das, C. Gomez and S. J. Rey, "Penrose limit, s pontaneous symmetry breaking and 
holography in pp-wave background," hep-th/0203164 ; E. K iritsis and B, Pi oline, "Strings 
in homogeneous gravitational waves and nu 11 holography," |hep-th/0204004| ; R. G. Leigh, 
K. Okuyama and M. Rozali, "PP-waves and holography," |hep-th/020402(j|; Y. Ima mura, 
"Large angular momentum closed strings colliding with D-branes, hep-th / 0204200 , 



[19] N. Berkovits, "Conformal field theory f or the superstrin g in a Ramond-Ramond plane wave 
background," JHEP 0204 (2002) 037, |hep-th/0203248| . 



[20] S. S. Gubser, I. R. Klebanov and A . M. Polyakov, "A semi-classical limit of the gauge/string 
correspondence," hep-th/0204051l ; S. Frolov an d A. A. Tseytlin , "Semiclassical quantiza- 
tion of rotating superstring in AdS (5) x S**5," |hep-th/0204226| ; J. G. Russo, "Ano malous 
dimensions in gauge theories from rotating strings in AdS?, x S 15 ," hep-th / 0205244 ; A. Ar- 
moni, J. L. Barbon an d A, C. Petkou, " Orbiting strings in AdS black holes and W=4 SYM 



at finite temperature," hep-th/0205280 



[21] M. Spradlin and A. Volovich, "Superstring Interactions in a pp-wave Background," |hcp-| 
I th/0204T46i 



[22] S. Mukhi, M. Ra ngamani and E. Verlinde, "Strings from Quivers, Membranes from Moose," 
hep-th/0204147|; M. Alishah iha and M. M. Sheikh-Jabbari, "Strings in PP- Waves and 



orldsheet Deconstruction," [hep-th/0204174 



[23] H. Takayanagi and T. Takayanagi, "Open strings in exactly solvable model of curved space- 
time and PP-wave limit," JHEP 0205 (2002) 012, |hep-th/0204234 , 



14 



[24] I, Bakas a nd K. Sfetsos, "PP-waves and logarithmic conformal field theories," |hep 



th/020500£; A. Pa rnachev and D. A. Sahakyan, "Penrose limit and string quantization 



in AdS(3j x S**3," [hep-th/02050T5l ; V. E. Hubeny, M . Rangamani and E. Verlinde, "Pen- 
rose Limits and Non-local theories, [hep-th/0205258 . 

[25] D. Berenstein and H. Nastase , "On lightcone string field theory from super Yang-Mills and 
holography," |hep-th/ 0205048) . 

[26] C. Kristjansen, J. Plefka, G. W. Semenoff and M. Staudach er, "A new doubl e-scaling limit 
of N = 4 super Yang-Mills theory and PP-wave strings," hep-th/0205033; D. J. Gross, 
A. M ikhailov and R. Roiban, "Operators with large R charge in IN = 4 Yang-Mills the- 
ory," |hep-th/0205066| ; N. R. Constable, D. Z. Freedman, M. Headrick, S. Minwalla, L. Motl, 
A. P ostmkov and VV\ Skiba, "PP-wave string interactions from perturbativ e Yang-Mills the- 
ory," piep-th/0205089| ; R. Gopakumar, "String interactions in PP-waves," hep-th/0205T74 ; 
Y. j. Kiem, Y. b, Ki m, S. m, Lee an d J. m. Park, "PP-wave/ Yang-Mills Correspondence: 
An Explicit Check," |hep-th/0205279j ; M. -x. Huang, "Thre e point functions of N=4 Super 
Yang Mills from light cone string held theory in pp-wave, " |hep-th/02053ll| . 



O. Bergman, M. R. Gaberdiel and M. B. Green, "D-brane interactions in type IIB plane- 
wave background," hep-th/0205183 , 

K. Dasgupta, M. M. Sheikh- Jabb ari and M. Van Raamsdonk, "Matrix perturbation the- 
ory for M-theory on a PP-wave," hep-th/0205185 ; G. Bonelli, "Matrix strings in pp-wave 



backgrounds from deformed super Yang-Mills theory," |hep-th/0205213 



Y. Hiki da and Y. Sugaw ara, "Superstrings on PP-wave backgrounds and symmetric orb- 
ifolds," |hep-th/0205200| . 

F. Bigazzi, A. L. Cotrone, L. Girardello an d A. Zaffaroni, "PP-wave and Non- 
supersymmetric Gauge Theory," hep-th/020529C 

I. R. Klebanov and A. A. Tseyt lin, "D-branes a nd dual gauge theories in type strings," 
Nucl. Phys. B 546 (1999) 155 |hep-th/9811035| ; I. R. Klebanov and A. A. Tseytlin, "A 
non-supersymm etric large N CFT trom type string theory," JHEP 9903 (1999) 015, 



|hep-th/990lT0T 



J. Polchinski, "String Theory. Vol. 1,2," Cambridge, UK: Univ. Pr. (1998). 



M. R. Dou glas and G. W. Moore, "D-branes, Quivers, and ALE Instantons," |hep- 

i 1 /n/)Am ,-ll-H T T-v • H T T-» T~v 1 IT r * • rt-r— \ i ■ 1 1 1 



th/9603167; D. Diaconescu, M. R. Douglas and J . Gomis, "Fractional branes and wrapped 
branes," JHEP9802 (1998) 013, |hep-th/9712230| . 

A. Adams, J. Polchinski and E. Silver stein, "Don't pa nic! Closed string tachyons in ALE 



space-times," JHEP 0110 (2001) 029, hep-th/0108075 



T. Takayanagi a nd T. Uesugi, "Orbifolds as Melvin geometry," JHEP 0112 (2001) 004, 
|hep-th/0110099 . 



A. Dabholkar, "Str ings on a cone and black hole entropy," Nucl. Phys. B 439 (1995) 
650 , hep-th / 9408098 ; D. A. Lowe and A. Strominger, "St rings near a Rindler or black hole 
horizon," Phys. Rev. D 51 (1995) 1793, |hep-th/ 94 10215. 



N. Arkani-Hamed, A. G. Cohen and H. Georgi, "(De)constructing dimensions," Phys. Rev. 
Lett. 86 (2001) 4757, |hep-th/0104005| ; N. Arkani-Hamed, A. G. Cohe n, D. B. Kaplan , 
A. Karch and L. Motl, Deconstructing (2,0) and little string theories," hep-th/0110146| . 

I. Rothstein and W. Skiba, "Mother moose: Gene rating extra dim ensions from simple 
groups at large N," Phys. Rev. D 65 (2002) 065002, |hep-th/0109r75| . 



15 



